In this study, a novel three-dimensional micro-mechanical crystal-level model for the analysis of intergranular degradation and failure in polycrystalline materials is presented. The polycrystalline microstructures are generated as Voronoi tessellations, that are able to retain the main statistical features of polycrystalline aggregates. The formulation is based on a grain-boundary integral representation of the elastic problem for the aggregate crystals, that are modeled as threedimensional anisotropic elastic domains with random orientation in the three-dimensional space. The boundary integral representation involves only intergranular variables, namely interface displacement discontinuities and interface tractions, that play an important role in the micromechanics of polycrystals. The integrity of the aggregate is restored by enforcing suitable interface conditions, at the interface between adjacent grains. The onset and evolution of damage at the grain boundaries is modeled using an extrinsic non-potential irreversible cohesive linear law, able to address mixed-mode failure conditions. The derivation of the traction-separation law and its relation with potential-based laws is discussed. Upon interface failure, a non-linear frictional contact analysis is used, to address separation, sliding or sticking between micro-crack surfaces. To avoid a sudden transition between cohesive and contact laws, when interface failure happens under compressive loading conditions, the concept of cohesive-frictional law is introduced, to model the smooth onset of friction during the mode II decohesion process. The incrementaliterative algorithm for tracking the degradation and micro-cracking evolution is presented and discussed. Several numerical tests on pseudo-and fully three-dimensional polycrystalline microstructures have been performed. The influence of several intergranular parameters, such as cohesive strength, fracture toughness and friction, on the microcracking patterns and on the aggregate response of the polycrystals has been analyzed. The tests have demonstrated the capability of the formulation to track the nucleation, evolution and coalescence of multiple damage and cracks, under either tensile or compressive loads.
Introduction
the analysis of polycrystalline microstructures and their failure processes, both in two and three dimensions [5] : among different approaches, multiscale methods appear to be the most promising, as they are able to bring together and link the diverse scales acting in the initiation and evolution of fracture [34, 35, 36, 37, 38] . Several techniques have been developed and used for studying the crack initiation and propagation in heterogeneous or polycrystalline microstructures. Kamaya [39] employed the body force method for investigating 2D intergranular stress corrosion cracking. Sukumar et al. [40] studied the competition between inter-and transgranular crack growth in 2D polycrystalline brittle microstructure by using the extended FEM. Das et al. [41] coupled finite elements and cellular automata (CAFE) and showed the potential for microstructural and multiscale analysis of heterogeneous and polycrystalline materials. Also lattice models for quantitative estimates of the mechanical properties of polycrystalline microstructures and their damage have been reported [42] . The application and advantages of peridynamics for modelling crack initiation, propagation and fragmentation in polycrystalline ceramics are discussed in [36] . The above studies have mainly focused on the analysis of 2D polycrystalline problems, although some 3D applications of cellular automata and finite elements have been reported and the 3D potential of peridynamics has been discussed. There is currently an interest for development of truly 3D models for analysis of failure mechanisms in polycrystalline materials [5, 43, 44, 45] . This is motivated, on one hand, by the need for understanding complex inherently 3D phenomena (such as the influence of the geometry on the microcracking evolution; the competition between different failure modes, e.g. inter-and transgranular brittle propagation or the ductile-to-brittle transition; the grain-to-grain propagation of cleavage fracture [46] ) and, on the other hand, by the need of complementing experimental investigations that, in the case of 3D microstructure reconstruction and characterization are particularly complex and expensive, especially when damage and failure are considered. Until recently, development of truly 3D models has been hindered by their excessive computational requirements. However, the present-day availability of cheaper and more powerful computational resources and facilities, namely high performance parallel computing, is favoring the advancement of the subject [47, 48, 49, 50] . A 3D rigid bodies-spring model for the analysis of brittle microcracking in polycrystalline Voronoi microstructures was developed by Toi and Kiyosue [51] . Marrow et al. [44] developed a simple 3D model for the analysis of intergranular stress corrosion cracking in austenitic stainless steel: in order to reduce the computational effort, in their model each grain is represented by a discrete system of elasto-plastic beams; grain boundaries are classified as either susceptible or resistant to intergranular fracture and different simplified failure criteria are assumed for them. Hughes et al. [45] developed a 3D geometrical model of the brittle fracture in polycrystalline zinc, with a focus on propagation of cleavage cracks from grain to grain. The stress corrosion intergranular crack initiation and growth in 3D polycrystalline microstructures was studied by using the finite element analysis by Kamaya and Itakura [52] . In their work the initiation and propagation of the cracks were modeled applying the concepts of damage mechanics. Musienko and Cailletaud [53] simulated inter-and transgranular stress corrosion cracking in polycrystalline aggregates with a finite element model in which the single grains exhibit viscoplastic behavior, transgranular cleavage is accommodated by introducing a pseudo-strain in the crystal plasticity framework and the grain boundaries are modeled as thin viscoplastic finite elements modified in the spirit of damage mechanics. Finite elements and continuum damage mechanics have been combined by Bomidi et al. for modelling of intergranular fatigue failure of 3D fine grain polycrystalline metallic MEMS devices [50] . A popular approach for modelling both 2D and 3D fracture problems in polycrystalline materials 3
consists in the use of cohesive surfaces embedded in a finite element (FE) representation of the microstructure. The cohesive zone models provide a phenomenological framework in which the complex physical phenomena underlying the initiation and evolution of damage, in the so called process zone, are embedded in a traction-separation law expressing the progressive loss of material cohesion. In this way, initiation, propagation, branching and coalescence of microcracks stem as an outcome of the simulation, without any a priori assumptions. Several cohesive laws have been proposed [54, 55] , but most popular are the potential-based laws by Tvergaard [56] and Xu and Needleman [57] and the linear laws by Camacho and Ortiz [58] and Ortiz and Pandolfi [59] . Cohesive FE models for 2D microstructures have been presented by several authors. Zhai and Zhou [60, 61] used the cohesive FE method for studying the quasi-static and dynamic failure in heterogeneous two-phase Al 2 O 3 /T iB 2 ceramic microstructures. Espinosa and Zavattieri [62, 63] developed a grain level model for the analysis of intergranular failure initiation and evolution in brittle polycrystalline materials and discussed the features of different cohesive laws in numerical simulations. Wei and Anand [64] employed crystal plasticity theory and cohesive laws in a FE framework to study the dominant failure mechanisms in nanocrystalline fcc metals and carried out simulations on pseudo-3D microstructures (columnar grains). The dynamic fragmentation of granular ceramic microstructures has been studied with a cohesive FE scheme by Maiti et al. [65] . Zhou et al. [66] simulated crack growth in the polycrystalline microstructure of singlephase Al 2 O 3 ceramic tool materials by introducing cohesive elements in the microstructure FE model. A 3D cohesive finite element model has been presented by Simonovski and Cizelj for intergranular cracks in a polycrystalline aggregate with elastic isotropic [48] and anisotropic, elastic and crystal plastic, grains [49] . An alternative to the FEM is the Boundary Element Method (BEM) that has proved effective for a variety of physical and engineering problems [67, 68] . A cohesive boundary element formulation for brittle intergranular failure in polycrystalline materials was proposed by Sfantos and Aliabadi [69] , that subsequently used the developed technique in a multiscale analysis of polycrystalline material degradation and fracture [35, 37] . A 3D grain boundary formulation has recently been developed by Benedetti and Aliabadi for the material homogenization of polycrystalline materials [70] . In this work, a novel 3D grain-level model for the analysis of intergranular degradation and failure in polycrystalline materials is developed. The proposed formulation is given in Section2. The microstructure is generated using the Voronoi tessellations and the formulation is based on a grain-boundary integral representation of the elastic problem for the crystals, represented as anisotropic elastic domains with random orientation in space. The model is expressed in terms of interface displacement jumps and interface tractions, that play an important role in polycrystalline micromechanics. The continuity of the aggregate is retrieved by enforcing suitable conditions at the intergranular interfaces. The grain-boundary model given in Section3, which is the core of the present contribution, takes into account the onset and evolution of damage by means of an extrinsic irreversible linear cohesive law, able to address mixed-mode failure conditions. In order to distinguish energetically mode I from mode II failures, and make then the decohesion process energetically path-dependent, the requirement for existence of a cohesive potential is withdrawn and the form of the traction-separation law is directly given, departing from the potential-based derivation. Its relationship with potential laws used by several authors is however discussed in Section 3.3.2. Upon interface failure, a non-linear frictional contact analysis is introduced for addressing contact, either slip or stick, and separation between micro-crack surfaces. Moreover, in case the of interface mode II failure under compressive loading conditions, to avoid 4 some non-physical behavior induced by the switch-off transition between cohesive and contact laws, the concept of cohesive-frictional law is introduced in Section 3.3.4. The incremental-iterative algorithm for tracking the micro-degradation and cracking evolution is presented and discussed in Section 4 and the advantages provided by the use of interface fields only are highlighted. Several numerical tests on pseudo-and fully-3D polycrystalline aggregates have been performed in Section 5, either in the case of tensile or compressive load. Directions of further research are eventually discussed in Section 6. To the authors' knowledge, it is the first time that a comprehensive 3D boundary element model of the polycrystalline microstructure, with interface cohesive-frictional evolution, has been presented.
Polycrystalline microstructure model
In this section, the computational model for the analysis of polycrystalline microstructures is described.
Artificial microstructure generation
Artificial polycrystalline microstructures can be generated by using either experimental techniques or computer models able to render the main statistical features of the aggregate. Various experimental techniques are available for microstructural characterization [25, 26, 27, 28, 29, 71, 72, 73] and their output is sometimes used as input for finite element (FE) analysis [74, 75, 48, 49] . However a complete 3D reconstruction still remains a challenging task. Moreover, experimental microstructures are often sampled in terms of voxels, and careful data processing is needed to avoid the introduction of model artifacts, for example stepped grain boundaries, that are not suitable for micro-cracking analysis. On the other hand, the use of reliable computer models offers the opportunity of analyzing large numbers of microstructures, complementing the experimental effort [76, 5] : synthetic microstructures and unstructured meshes, reflecting the actual micro-morphology, are powerful tools for the study of complex phenomena like material degeneration and fracture at the micro-scale. In the case of polycrystals, a reliable computer representation must retain the main topological, morphological and crystallographic features of the microstructural aggregate. The Voronoi tessellations have been consistently adopted for representing polycrystalline materials at the grain scale [77, 78, 79] . Although it has been shown that they slightly misestimate some polycrystalline microstructural distributions [25, 80] , they have however been widely successfully employed for modelling purposes [5, 81, 80, 82, 83, 84, 85, 86, 70] . In any case, the Voroni tessellations have the advantage of being analytically defined and simple to generate. In this work, the free open-source C++ software library Voro++ (http:// math.lbl.gov/ voro++/; [87] ) is used for generating the tessellation, Fig.(1) . The representation is completed by assigning random or specific orientation to each crystal in the group S O(3) of rotations in the three-dimensional space. For further details about the microstructure generation, the reader is referred to [70] .
It is useful to give some details about the topology and morphology of the Voronoi tessellations and introduce some notation that will be used in the following. Each Voronoi cell G k is a convex polyhedron bounded by the surface B k and it represents a single crystal: it will be equivalently referred to as grain, cell or crystal. In general two different kinds of grains can be distinguished: the domain boundary grains, which intersect the external boundary B of the analysis region C , and the internal grains, that are completely surrounded by other grains. A part B k nc of the surface of a domain boundary grain G k lies on B, while the remaining part B k c is the area of contact with the surrounding contiguous grains:
where the subscripts nc and c stand for non contact and contact, respectively. Of course B 
where N k f is the number of flat faces of the k − th grain. Two contiguous faces share a straight cell edge while two contiguous edges meet at a cell vertex. It is worth noting that flat faces and straight edges are particularly suitable for numerical treatment. Each face F k j is associated with a unique outward unit normal vector n k j = {n i }. A local reference system {x 1x2x3 } k j is set on each grain face, so to express the local components of displacements and tractions of points belonging to that face of that grain. The local reference system on each face is chosen so thatx 3 ≡ n k j and the planex 1x2 contains the considered face, Fig.(2) . Local components of displacements and tractions are denoted with a tilde, so thatũ Fig.(3) . The introduction of these grain-face local reference systems simplify the writing of the interface equations, as it will be seen in Section 3.
Anisotropic grain boundary element formulation
In the present work, each crystal is modelled as a single elastic domain G k with orthotropic linearly elastic behavior and random spatial orientation. The numerical model for the single crystal is obtained by using the Boundary Element Method (BEM) for three-dimensional anisotropic elasticity [88] . The polycrystalline aggregate is modelled as a multi-region boundary element problem, so that different elastic properties and spatial orientation can be assigned to each grain [68] . The constitutive equations for the grain material are
where the constants c i jkl denote the components of the stiffness tensor linking the components σ i j of the stress tensor to the components ε kl of the strain tensor. If the compact Voigt notation is used to denote the elements of the elastic tensors, see for example [89] , the stiffness tensor can 6 be written as a (6 × 6) matrix C = [C i j ], where C 11 = c 1111 , C 12 = c 1122 , C 16 = c 1112 , C 44 = c 2323 , etc. For the general orthotropic case, 9 constants are needed for the complete material characterization, due to material symmetries. The hypothesis of orthotropic material is not restrictive, as the majority of single metallic and ceramic crystals present general orthotropic behavior. If a generic grain G k with its own crystallographic orientation and an accordingly defined coordinate system is considered, the displacement boundary integral representation is given by [68] 
where U k i j (x, y) and T k i j (x, y) denote the displacement and traction fundamental solutions of the 3D anisotropic problem, see Appendix A, while c k i j are the so called free terms, stemming from the boundary integral limiting procedure [68] . In Eq.(4), the displacement and traction components are expressed with respect to a unique reference system coincident with the axes of material orthotropy of each grain: this is because, when a reference system is not coincident with the material axes, an orthotropic grain will have a general anisotropic behavior. However, although it might slightly simplify the numerical computation of the fundamental solutions, this choice is not mandatory in the present work, since the fundamental solutions are computed using a scheme for general three-dimensional anisotropy [90] . The surface integrals in Eq. (4) 
where the tilde indicates local components and
with the components R qk i j defining the coordinate transformation linking the components of vector fields written in the material system and in the local system attached to the face F k q according to
The boundary conditions can now be written as
where thex denotes a prescribed value for x. On the other hand, the interface equations can be expressed as
on the interface between the grains G a and G b . The equations Φ ab i can be generally interpreted as equilibrium equations while the terms Ψ ab i , depending on the evolution and internal state of the microstructure, may represent either continuity, cohesive or frictional contact laws, as it will be explained in Section 3. It is worth stressing that the interface equations involve local components of displacements and tractions of different grains. To solve numerically the polycrystalline problem, each grain face F k q is discretized into a collection of non-overlapping triangular elements, Appendix B, and Eq. (5) is treated according to the classical boundary element collocation procedure [68] , leading to the following set of equations for the single grain
The system of equations for the entire polycrystalline aggregate is obtained by evaluating Eq. (10) for each grain and enforcing the boundary and interface conditions on the overall aggregate. The final system is given by
where the matrix blocks A k contain columns from the matricesH collect the unknown interface displacements and tractions of the k − th grain and the matrices Ψ and Φ implement the interface conditions (9) in the system matrix. It is worth noting that, in writing system (11) , it has been implicitly assumed that the interface conditions can be expressed in matrix-vector product form. In general, this is not strictly true. Indeed, as already mentioned, the interface equations Ψ ab i depend on the internal state H of the microstructure and it might not be possible to express them as linear functions of the interface displacements and tractions. However, in the present work, an incremental-iterative solution strategy is adopted and, during each iteration, a linear system of form (11) can be written and solved, as it will be detailed in Section 4.1. System (11) can be rewritten in the more compact form as
where the dependency of the various matrix and vector blocks on the boundary conditions (BCs), on the internal state H of the microstructure and on the load factor λ has been highlighted. 8
The population of the blocks A k and B k , appearing in system (11) , is numerically demanding, due to need of integrating the anisotropic kernels in Eqs. (5) . The use of efficient schemes can accelerate this stage: for further details, the reader is referred to [90] , or to [91] for a more recent overview. For microstructures with a high number of grains, the problem is suitable for parallel computing, as the matrices for different grains can be independently computed on different processors.
Grain-boundary model
The generic interface I between two grains, in polycrystalline materials, is subjected to the development and evolution of damage and cracks. Before proceeding with the description of the interface model, it is useful to give some notation and clarify the concept of interface pair.
Interface description
Let us assume that the n − th face 
The above definition is a consequence of the choice of the local reference systems, that are opposite on the two grain faces in contact. In particular, it is to be noted that the third component of the displacement jump δũ
ab n (14) expresses the opening between the two surfaces and, according to the given definition, only δũ Summarizing, the two points P and Q, initially in contact, constitute an interface pair P, whose state, during the microstructure evolution, is characterized by the level of damage, the displacement jump δũ ). In the following, the superscripts a or b, referring to the grains that form the considered interface, will be discarded for the sake of readability in the expression of the displacement jump and interface tractions, if it does not generate ambiguity.
Interface status
It is assumed that interface pairs can be in one of the following regions:
• Intact or pristine region I R: these pairs are still in the pristine condition. The interface tractions have never exceeded the threshold that defines the onset of damage and no separation is allowed between the grain surfaces. Perfect bonding conditions are directly enforced through displacement compatibility and traction equilibrium equations.
• Damaged or cohesive region DR: these pairs have experienced tractions over a certain threshold value, and have started accumulating damage. Tractions equilibrium always holds, but the grain surfaces are now allowed a separation. The interface tractions depend now on the accumulated damage and displacement jump, according to a certain irreversible cohesive law. The pairs entering this zone begin the process that will lead to failure, i.e. cracking, of the interface.
• Failed or cracked region F R: these interface pairs have completed the damaging process and have developed a free crack. Their status is now governed by the laws of frictional contact mechanics: they can be either separated or in contact and if they are in contact they will be either in slip or in stick status.
Interface equations
In this section, the equations describing the state of the interface pairs, in any of the aforementioned regions, are introduced in some detail. Before, however, it is useful to give a general premise about their structure. In the present formulation, each interface pair carries six equations. In the pristine state, there are three continuity equations, expressing identity of displacement components, and three equilibrium equations, expressing identity of traction components. During the interface evolution, the three traction equilibrium equations do not change. On the contrary, the continuity equations are replaced by the cohesive separation-traction laws during the damage onset and subsequently by the frictional contact equations, when failure is reached. In the following, only the three equations that will be changing are discussed, in the different cases, while equilibrium equations must be satisfied throughout the analysis. Moreover, especially for contact analysis, it is worth making a conceptual distinction between conditions and related equations: some conditions must be satisfied by the interface pair solution displacements and tractions, when the related equations are forced in the system with reference to the considered pair; if the conditions are violated, then another consistent set of equations must be introduced into the system, with reference to the pair, and the related conditions must be satisfied. A consistent solution is reached when conditions and equations are consistent for all the interface pairs. These concepts will be further developed in the following.
Interface continuity equations
For an interface pair in the pristine state, P ∈ I R, the following compatibility and equilibrium equations hold
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The local traction componentst
q ⊂ G a , can be naturally used to express the tangential and normal tractions for the pair. The local normal and tangential interface tractions are defined byt
and their moduli are given by t n =t 3 and t s = +
. It is worth noting that, in the above definition, unlike t s , t n carries a sign. The sign of t n has an important role in the development and evolution of the intergranular damage: when t n > 0, then the interface experiences tensile tractions, that contribute to the spread of damage; if t n < 0, then the interface sees a compressive load, that does not contribute to the evolution of damage. The normal and tangential interface tractions are used to define the effective traction
where ⟨•⟩ denote the Mc-Cauley brackets, defined by ⟨x⟩ = max(0, x), and α and β are suitable coefficients weighing the relative contribution of the opening and sliding modes in the damage process. Again, from the above definition, it can be noticed that only tensile normal tractions contribute to the value of the effective traction. An interface pair P ∈ I R remains in the pristine status until t e < T max , where T max defines a threshold value for damage initiation.
Damaged interface: cohesive traction-separation laws
When the effective traction exceeds T max , often referred to as cohesive strength, the node pair P enters the damaged region
and an irreversible extrinsic cohesive law, or traction-separation law (TSL),
is introduced, to link the pair tractions and displacement jumps: H d symbolizes the dependence on the history of the decohesion process, thus giving the cohesive law the character of irreversibility; the adjective extrinsic, on the other hand, refers to the fact that the traction-separation laws are introduced only after a certain threshold for the effective traction has been overcome. To follow the evolution of damage, according to Ortiz and Pandolfi [59] , a non-dimensional effective opening displacement
is introduced, where δu n is defined by Eq. (14), δu s = ( δũ The formulation of the cohesive law can be derived from the introduction of a scalar potential: in this work this derivation is shown; eventually, however, it will be shown how a simple modification of the TSLs removes the hypothesis of existence of the cohesive potential, allowing for the energetic path dependence of the work of decohesion, and then the energetic differentiation between mode I and mode II failures. Following Ortiz and Pandolfi [59] , the following potential is introduced
where q represents a suitable collection of internal variables describing the irreversible processes attending the decohesion, and whose evolution is governed by some kinetic relationship of the formq = ψ(δu n , δu s , q).
The cohesive traction-separation law can be then derived from the potential (20) through the relationshipst
Following Espinosa and Zavattieri [62] , Sfantos and Aliabadi [69] used a potential of the form (23) where d is the current effective opening displacement defined by Eq. (19) and
where d * is a monotonically increasing parameter, given by the maximum value that the effective opening displacement d reaches during the loading history H d of the considered pair: it plays the role of a state variable that accounts for the evolution of the degradation process and Eq.(24b) is the kinetic relationship governing its evolution, see Eq. (21) . For an undamaged pair d * = 0, while d * = 1 for a complete failed pair: in this case the considered pair exits the cohesive zone and a microcrack is introduced. In other words, d
* is the variable that accounts for the accumulation of damage for the node pair. It is worth noting that unloading and reloading take place in the range
where the overdot denotes the derivative with respect to a generic load factor λ, during the loading history. The cohesive tractions are calculated using Eqs. (22) with the potential defined by Eqs. (23) (24) and taking into account the definition of effective opening displacement, Eq. (19) . The following expressions are obtained in this case for the normal and tangential traction components
where the relationship
cr n δu cr s (27) holds: this relationship is of particular relevance, as its enforcement guarantees the existence of the cohesive potential (23), and then the independence of the cohesive fracture energy from the opening path.
To fully understand this aspect, let us consider the opening of a cohesive surface along a direction that forms a constant angle ϕ with the normal to the cohesive surface itself. In this case
where u is a loading parameter. It is easy to show that the work of separation is given by
and, in particular, that
It can be shown that, if the relationship (27) holds, then
and, in particular, G I = G II . In other words, if a potential traction-separation law is formulated, it is not possible to distinguish energetically between pure mode I and pure mode II, as the fracture energy is required to be independent from the fracture path. However, as pointed out by some authors [92, 93] , it is reasonable to assume that the work of decohesion should be path dependent, as the energy dissipated in a fracture process depends on some microstructural details that inherently make mode II different from mode I, at least at a macroscopic level. In the framework introduced above, the fracture energy path-dependency can be achieved by simply discarding Eq. (27) and assigning suitable independent values to the constants α and β: this corresponds to relaxing the requirement of existence of a well defined cohesive potential; the traction-separation laws are then directly given by Eqs. (26) and not derived from a given potential. Therefore, in this work, the cohesive traction-separation laws are specified by Eqs. (26) , where the constants α and β are given independently from each other, but in such a way to ensure the desired G II /G I ratio between mode II and mode I fracture energies: they are not required to fulfill Eq. (27) . The laws obtained in this way are similar to those presented by Snozzi and Molinari [93] , who used the constants in a slightly different way. For the case G II /G I = 2, Eq. (29) is plotted in Fig.(4) , where the energetic contribution from the opening term δu n is distinguished from that coming from the sliding term δu s , for ϕ ∈ [0, π/2]. The traction-separation laws (26) are valid in all the loading cases, i.e. whether the considered pair is in loading, unloading or reloading. During unloading and reloading d * remains constant, its value being given by the higher effective opening displacement reached during the loading history, before unloading took place; during unloading and reloading, the traction components (26) become then linear with respect to the current value of the displacement jumps. Moreover, Eqs.(26) express an isotropic cohesive law, as the cohesive tangential tractions depend on the tangential displacement jumps according to the same law in any direction on the contact plane. It is worth noting that the normal cohesive traction component t n is given by Eqs.(26) only when 13 a normal opening displacement δu n is present. The condition δu n ≥ 0, that expresses the physical impossibility of grain interpenetration, must always be verified. In the case of compressive loading, the equation δu n = 0 must be enforced, instead of Eq. (26); the pair moves into the pure sliding loading mode and the normal traction component t n is provided by the solution of the microstructural problem. The normal and tangential components of the tractions-separation law are plotted in Fig.(5) .
Interface failure: frictional contact analysis
Once d * = 1, the considered pair P leaves the damaged region and fails, forming a microcrack and entering the cracked zone:
Upon interface failure, the laws of frictional contact mechanics enter the formulation and govern the evolution of the interface pair [94, 95, 96] . The Coulomb frictional law is implemented in this work. Once a micro-crack has started, the two crack surfaces can be separated or in contact.
In the case of separation, the condition δu n > 0 must always be satisfied, and the following equations hold for the traction components
If the crack surfaces are in contact, then they can stick or slide. In the case of contact, the condition t n ≤ 0 must always be satisfied, while the equation δu n = 0 is directly enforced in the system of equations, either in case of stick or slip.
If the surfaces are in contact and the condition |t s | < µ|t n | holds, then the pair is said to be in stick status and the following equations hold:
where the symbol ∆ denotes the increment of a quantity between load steps: no variation of the displacement jump is allowed if the pair is in stick condition. If the stick condition |t s | < µ|t n | cannot be satisfied, then the relationship |t s | = µ|t n | must be enforced and the pair is said to be in slip status. In this case, the relative displacements δũ 1 and δũ 2 can evolve and the following equations hold:
where θ denotes the slip angle, defined in the plane {x 1x2 } by tan(θ) = δũ 2 /δũ 1 : this angle is not a priori known and its value must be computed iteratively in the solution process, as it will be explained in the next section. From the above definition of slip angle and from Eqs. (34), it is apparent that the two vectors δũ s andt s should have the same direction in the contact plane. However, since the equation tan(θ) = δũ 2 /δũ 1 is not directly implemented into the system, this requirement must be assessed once the numerical solution of the problem is available. Let us define β s as the angle between δũ s andt s on the contact plane. The slip condition is violated if |β s | ≥ π/2, i.e.t s · δũ s ≤ 0: if this happens, then the pair cannot be in slip and it is put in stick status. On the other hand, if |β s | < π/2 but |β s | > 0, then the slip angle must be suitably adjusted. 
Grains interface under compressive-sliding load: cohesive-frictional laws
In the depicted framework, a particular aspect deserves some attention. As explained above, when an interface between two grains fails, the cohesive laws no longer apply and the frictional contact analysis is used instead. This on-off switch between cohesive and frictional contact laws is acceptable in the case of truly mixed-mode loading, i.e. when a normal traction component t n > 0 exists. However, when the interface is subjected to a compressive-sliding load, see Fig.(6) , the sudden transition between the two regimes can give raise to some physically inconsistent behavior as well as to some numerical problems. As pointed out by Snozzi and Molinari [93] , this aspect has often been overlooked. To understand the issue, let us consider the interface between the two grains shown in Fig.(6a) : the two grains are subjected, in displacement control, to a compressive load λ∆v and to a sliding load λ∆u, where λ denotes the load factor. The interface is initially undamaged and, as shown in Fig.(6b) , the aggregate is able to carry elastically a load until a cohesive process is started at the interface; at this point, since a compressive load is present, the impenetrability is directly enforced in the system, while the tangential components of tractions are given by the corresponding term in Eqs. (26) . As the interface damage grows, the load-carrying capability of the system is progressively reduced: at this point, if the model implements a switch between cohesive and friction laws, then the tangential cohesive tractions must go to zero at d * = 1, i.e. upon interface failure, before the laws of contact mechanics can be applied. The trend of the tangential traction, in this case, is given by the lower (blue) curve of Fig.(6b) . After interface failure, contact mechanics apply and the contact algorithm correctly predicts a stick condition immediately after failure, to avoid a sudden discontinuity of the tangential traction during the loading process, followed, eventually, by the slip of the interface, for which t t = µ|t n |. However, the prediction that, under this loading condition, the interface loses completely its load-carrying capability, before retrieving some of it through the friction µ, appears slightly inconsistent. Moreover, the presence of the cusp at the transition between cohesive and contact state, and the possibility of a traction jump if the load factor is not correctly updated, is likely to spark numerical instabilities, especially when multi-body frictional contact analysis is considered. To avoid such behavior, in this work, the presence of some friction is assumed during the decohesion process, if it happens in compression: this corresponds to assuming a continuous transition between cohesive and contact state. The gradual transition to the contact state is achieved by introducing some frictional terms depending on the damage level in the traction-separation laws. In this case, the tangential components of traction are expressed by means of the following cohesive-frictional laws
where θ is the slip angle and χ(d * ) is a suitable function modelling the soft transition from zero to full friction; in this work χ(d) is phenomenologically assumed to be
where 0 <d < 1 and 0 < ξ ≪ 1 are parameters that enable one to modify, to some extent, the shape of the curve χ(d), see Fig.(7) .
If Eqs. (35)and Eq.(36) are implemented, the trend of the tangential tractions at the interface between the two grains shown in Fig.(6a) is given by the upper (red) curve in Fig.(6b) . In the figure, the value of the intergranular tangential traction is given as a function of the multiplicative load factor λ and it is apparent how the introduction of the frictional terms smooths the transition to the frictional contact, favoring a gradual evolution from cohesive debonding to frictional slip. The grey area between the two curves in Fig.(6) represents the energy dissipated by the friction during the decohesion process.
Numerical aspects: mesh requirements
The mesh of the polycrystalline microstructure is generated as explained in Appendix B. However, some additional considerations are required and care must be taken in the mesh preparation to fulfill the conditions for element-size independency and reproducibility of the solution. As investigated by Tomar et al. [97] and Espinosa and Zavattieri [63] , and as reported by Sfantos and Aliabadi [69] , factors influencing the solution mesh independency and reproducibility are: a) the initial macroscopic stiffness reduction resulting from the cohesive separation along the grain boundary, when the initial slope of the cohesive law is finite; b) the characteristic element length ξ e , that must be fine enough to resolve the strain and stress distributions inside the cohesive zone. In the proposed formulation, the initial stiffness of the cohesive law is infinite, as perfect bonding between pair nodes is enforced directly in the system, Eq. (15), until the fulfillment of condition (18) triggers the cohesive separation process: then the first factor does not affect the solution process in the present case. The second factor is however very relevant and the condition
must be fulfilled, where L C Z denotes the length of the cohesive zone, that must be estimated in order to make Eq. (37) effective. An estimate of the cohesive zone size, for a linearly softening cohesive law, as the one adopted in the present study, was provided by Rice [98] as
and it was used by Espinosa and Zavattieri in [63] ; in the previous equation K IC is the material fracture toughness in mode I, and T max is the threshold value entering condition (18), i.e. the strength of the cohesive grain boundary under pure normal separation. Another estimate for cohesive laws derived from a potential is given in [97] as
where E is the material Young modulus, ν is the Poisson ratio and ϕ 0 is the amount of work required to separate completely a unit surface starting from undamaged state.
Micro-damage and micro-cracking tracking
The algorithm employed to track the evolution of micro-damage and micro-cracks along the intergranular boundaries is described. Some details about the choice of the algorithm parameters are given. The practical numerical implementation adopted in this work is given in Appendix C.
Microstructural evolution algorithm
Given a polycrystalline aggregate and a consistent set of boundary conditions, the internal evolution of the microstructure is determined by the increment of the external loads, whose intensity can be generally expressed in terms of a load factor λ. The microstructural evolution is tracked by solving the boundary value problem for a discrete set of values λ k (k = 0, ..., N λ )
where H k symbolizes the internal state of the microstructure. Once the solution of the system is obtained for λ k , the load factor is incremented by a suitably chosen amount ∆λ k and a new solution of system (40) is sought for λ k+1 = λ k + ∆λ k . It is worth emphasizing that, in Eq. (40), solution X k and the microstructural state H k must be mutually consistent: this requires the numerical solution to fulfill the interface conditions holding: pristine, cohesive or contact state. This consideration is the basis of the solution strategy proposed next.
Load increment
Let us assume that a solution of the system (40) has been obtained for λ k and that a solution corresponding to λ k+1 is sought. Once the increment ∆λ k has been determined, the right-hand side of the system is updated by determining Y(λ k+1 ): if no interface pair has failed yet, this step does not require any special consideration and Y(λ k+1 ) is simply obtained by scaling Y(λ k ); when micro-cracks are formed and the frictional contact analysis has started, if interface pairs in contact-stick state exist, then the part of Y(λ k ) corresponding to the boundary integral equations will be updated by simple scaling, while the part corresponding to the interface equations will be kept constant. Upon update of the right-hand side, the new system is given by 
Iterative search
The iterative search of the solution for the current load increment is carried forward until convergence is reached. In general, at each iteration, some interface pairs are in the pristine state IR, some are in the cohesive zone DR and others belong to the cracked interface F R. The generic solution X i k+1 at the i − th iteration provides the complete set of interface displacement jumps and tractions: the convergence of the iterative procedure is checked by assessing whether any state violation exists for any interface pair, be it in the pristine state, in the cohesive zone or in the failed region.
• The intact pairs are checked to assess whether the effective traction defined by Eq. (17) 
on the other hand, since unloading or reloading do not require the update of the cohesive law, they do not affect the convergence. It is worth noting that, if the considered damaged pair is subjected to a compressive load, then the impenetrability condition δu n = 0 is directly enforced in the system, together with the Eqs.(35) expressing the cohesive-frictional law introduced in Section 3.3.4.
• Finally, the state of the pairs in the failed region is assessed. For a failed pair d * = 1 and the frictional contact analysis started. The assessment is carried out by checking whether any violation of the conditions holding for the assumed contact status exists. Different cases can be met.
-If the pair is assumed to be in separation at the current iteration, which means that Eqs. (32) are currently implemented in the matrix A(H i k+1 ), then the value of δu n is checked, to detect any interpenetration: if δu n < 0, then the separation condition is violated and the contact state of the pair must be updated; in this specific case, contact-stick state is assumed and the corresponding Eqs. (33) are implemented into the system matrix.
-If the pair is assumed to be in contact, either stick or slip, then the value of the normal traction t n is checked first: if t n > 0, then the contact assumption is violated and separation must be enforced. If no contact mode violation is detected, then the assessment is carried on, to check whether any stick or slip status violation exists. If the pair is in stick status, then the condition |t s | < µ|t n | is checked and, if violated, the pair is put in slip and Eqs. (34) are implemented with an initial guess value of the slip angle θ = arctan(t 2 /t 1 ) i k+1 . If the pair is assumed to be in slip status, then the condition |β| < π/2 is checked, where β is the angle between δũ s andt s in the contact plane, as seen in Section (3.3.3). If a violation is detected, then the pair is put in stick status; on the other hand, if |β| < π/2 but |β| > ε β , where ε β is a previously set numerical tolerance, then the slip angle in Eqs.(34) must be adjusted. In this work, the new slip angle is chosen as θ = (β t + β δu )/2, where β t = arctan(t 2 /t 1 ) i k+1 and β δu = arctan(δũ 2 /δũ 1 ) i k+1 are the angles formed by the tangential traction and displacement jump respectively with the axisx 1 .
The convergence is reached when no violations are detected for any interface pair and no equation updates are then brought into the system matrix, so that A(
). The system solution X k+1 is then determined and, if needed, another load increment can be applied to the system, starting a new iterative search. The described solution procedure is illustrated in Fig.(8) .
Parameters set up
As seen above, several different parameters enter the formulation: the load increment, expressed in terms of ∆λ k ; the initial guess value d * start for the damage of an interface pair that has just entered the cohesive zone; the tolerance ε d used in the assessment of the iteration convergence for the damaged pairs; the angle ε β , used to assess the fulfillment of the slip condition. To make the analysis effective, both in terms of accuracy and performance, these parameters must be carefully tuned. The load increment ∆λ k plays a crucial role in the algorithm for the analysis of the microstructural damage evolution. In principle, it should be chosen small enough to induce a state change in a small number of interface pairs, so that few equations would need to be changed in the system and few iterations would be needed to converge to a consistent solution. The choice of an inconsistently large load increment leads generally to an inconsistent solution, as the microstructural evolution leading from the state H k to the state H k+1 is missed. However, an excessively small load increment could make the analysis excessively time consuming and might produce a large amount of not always useful information. Ideally, ∆λ k should be selected considering the change induced in a certain number of interface elements at a time, rather than nodes. In this work ∆λ k is chosen adaptively on the basis of the number of iterations N k−1 iter needed to reach convergence at the previous load increment. A relationship of the following form is implemented
where f
iter /N max is closer to 1 and f
iter /N max is closer to 0. Moreover, to avoid pathological situations, the following constraint is always enforced ∆λ min ≤ ∆λ k ≤ ∆λ max (44) where ∆λ min is chosen large enough to avoid the stagnation of the solution and ∆λ max is chosen small enough to avoid missing important features of the solution.
The initial guess value d * start for the damage of a pair just entered in the cohesive state must be chosen small enough to avoid fictitious damage localization at the first damaged interfaces. Also ε d must be carefully chosen: on one hand, indeed, ε d affects the accuracy of the intergranular damage level estimation associated to a certain load factor; on the other hand, it has a direct influence on the number of iterations required for the damage convergence of the cohesive pairs (the lower the value of ε, the higher the number of iterations). The same considerations apply to ε β . In other words, in the set-up of the analysis, there is always a trade off between accuracy and convergence rate, that must be taken into account. In the present study, after careful testing, the following values have been selected for the mentioned parameters:
Micro-damage and micro-cracking simulations
In this section the results of some numerical simulations are reported and discussed. All the reported tests have been performed on the cx1 system of the High Performance Computing facilities at Imperial College London.
Numerical estimation of the effective properties of SiC
Before simulating the micro-cracking initiation and evolution in polycrystalline aggregates, the macroscopic effective properties of silicon carbide (SiC) are estimated. The material properties' estimation is based on the following steps: a) a certain number of different RVE realizations, each subjected to a suitable set of linearly independent boundary conditions, is considered; b) the boundary value problem for each realization and each set of BCs is solved with the proposed formulation, in the case of pristine interface (no intergranular damage); c) the stress and strain volume averages for each realization and for each set of BCs are computed through integrals extended to the RVE's external surface only, then taking advantage of the boundary element nature of the formulation itself; d) the apparent material constants for each realization are estimated from the corresponding sets of volume averaged stresses and strains;e) the effective properties are obtained as ensemble averages of the previously determined apparent properties, taken over the considered number of different realizations with the same number of grains. For further details the interested reader is referred to the works by Benedetti and Aliabadi [70, 99] . The performed analysis takes into account the stochastic nature of the microstructure, in terms of grain size, morphology and orientation. N r = 100 realizations of aggregates with 150 grains have been generated and analyzed. Each realization differs from the others in terms of both geometry and crystallographic orientation. Given a polycrystalline realization, consisting of N g grains and subjected to a given set of consistent boundary conditions, since the material is supposed to not develop microcracks, stress and strain volume averages can be used to extract the apparent elastic modula, see for example [3, 76, 100] . Kinematic uniform boundary conditions, i.e. linear displacement boundary conditions corresponding to prescribed macro-strains, have been enforced on each simulated realization. Table 5 .1 reports the elastic constants for hexagonal single crystal SiC, as measured by Arlt and Schodder [101] : these constants define the material of the single grains, which are then given a random orientation in the 3D space. The values of the effective elastic modula E and G for polycrystalline SiC have been reported by various authors, see Lambrecht et al. [102] and references therein. In this study, the average values, calculated over N r = 100 realizations of aggregates with N g = 150 grains, are E = 456 GPa and G = 193 GPa, which are in very good agreement with the values E = 448 GPa and G = 192 GPa, reported by Carnahan [103] , who used low porosity samples and extrapolated the values to zero porosity. The average computed value of the Poisson ratio was ν = 0.181, close to the value ν = 0.168 yielded by Carnahan estimations.
C 66 502 95 96 565 169 203.5 [101] . The Voigt notation is used.
Micro-cracking of pseudo-3D specimens under tensile load
Next, the intergranular micro-cracking of pseudo-3D (2D columnar) polycrystalline SiC specimens subjected to tensile load is simulated. These tests have been performed to assess the performance of the developed numerical scheme and to qualitatively compare the obtained results with those reported by Sfantos and Aliabadi [69] . First, the 100-grain configuration shown in Fig.(9a) is simulated: it is worth noting that we are dealing with a three-dimensional geometry obtained by extruding a two-dimensional tessellation; the crystallographic orientation of the grains is however not restrained and remains fully three-dimensional. The average grain size in the {x − y} plane is ASTM G = 10, so that the grain average area isĀ gr = 126 µm 2 [104] . The overall specimen size is 2W × 2H × 2T , with H = 2W, 4WH = N gĀgr and 2T = √Ā gr . The elastic constants of the grains are given in Table  5 .1; the macroscopic elastic modulus and Poisson ratio have been selected as E = 448 GPa and ν = 0.168. The fracture toughness of SiC was assumed K IC = 3 MPa m 1/2 throughout this study. The interface cohesive-frictional properties for the pseudo-3D specimens under tensile load are summarized in Table 2 . It is worth noting that no parameter such as the displacement at the damage initiation point is required in the formulation, as the damage is started only when the value of the effective traction reaches the cohesive strength T max ; in other words, the traction-separation laws have infinite initial stiffness and the separation at damage initiation is zero. On the other hand, given the fracture toughness K IC , the value of the critical displacement jump δu cr n can be inferred considering the equations Table 2 : Sets of cohesive-frictional parameters for the pseudo-3D micro-specimens subjected to tensile load.
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expressing the relationship between the work of separation G I and the fracture toughness K IC in mode I, in the case of plain strain, and that between work of separation G I and the cohesive parameters T max and δu cr n . It should be noted that the G I is given by the area under the tractionseparation curve t n (δu n ). Moreover, given the parameters α and β and the ratio G II /G I , δu cr s can be inferred from Eqs. (30) , that hold general validity. Assuming a coordinate reference system centered at the center of symmetry of the specimen, and with the axes aligned with the specimen edges, as shown in Fig.(9a) , the applied boundary conditions are
The specimen is subjected to a uniform displacement ∆U applied over the surface y = H: ∆U increases from zero up to the value that causes the complete failure of the specimen. First, a set of tests has been carried out to assess the mesh independency of the proposed formulation. The microstructure shown in Fig.(9a) Table 3 . In the table, ζ represents a characteristic linear size for the triangular boundary elements: from the reported values it is apparent that both ζ avg ≪ L C Z and ζ max ≪ L C Z are satisfied, so that, according to what has been discussed in Section 3.4, mesh independency is expected. This result is interesting and it strictly holds in the sense shown in the numerical test. However, mesh independency should always be tested and not taken for granted, should the model be extended to more complex constitutive behaviors.
The simulated stress-strain curves for the four different meshes are reported in Fig.(11) . As a close examination of the zoomed region highlights, the maximum difference in the predicted stress between the simulated curves, at a given level of strain, is less than 1%; on the other hand, the maximum difference in the predicted failure strain, between the different meshes, is around 0.6%; moreover all the meshes predict the same failure conditions in terms of micro-cracking patterns. It is worth noting that, for all the reported curves, the linear part corresponds to a material with Young's modulus E = 450, GPa, which is consistent with the value known for SiC and with the value previously computed through numerical homogenization. Fig.(9b) shows the micro-crack path for the analyzed microstructure: this has been plotted processing the output from the numerical analysis of the finer mesh (d m = 2), but, as already Table 3 : Some statistics about the analyzed meshes for the considered tessellation (number of grains N g = 100; number of grain interfaces N int f = 262). ζ represents a characteristic linear size for the triangular boundary elements; ∆λ denotes the load increment. Each test was performed on a single 12-core node of the cx1 HPC system at Imperial College London, with 12-24 GBs of required virtual memory, depending on the system size. . The two frames show the interface damage level one step before and one step after the complete failure. The colour scale has been suitably tailored so as to highlight the presence of little damage just before the complete cracking (for colour interpretation the reader is referred to the electronic version of the paper). The strain levels ε corresponding to the frames are reported. Figure 11: Simulated stress-strain curves produced by the four considered meshes for the analyzed 100-grain pseudo-3D polycrystalline specimen; the value of the macroscopic stress component Σ yy , obtained from averaging the stress tensor over the microstructural volume, is plotted versus the nominal strain defined by ε = ∆U/2H. mentioned, it is the same as those obtained by all the other meshes. As expected, the crack path is normal to the direction of the applied external load. It is worth noting that the failure presents the features of a brittle micro-cracking process and only limited damage is accumulated at the grain interfaces before the failure: almost all the external work is stored in the system as elastic strain energy that is released at the moment of failure. After the assessment of mesh independency, some other pseudo-3D random specimens subjected to the same load conditions are simulated, to investigate the influence of the microstructure on the micro-cracking process and on the emerging macroscopic stress-strain relationship. The same interface properties as above are assumed. Fig.(12) shows the micro-crack patterns for five different 100-grain microstructures with in-plane grain size ASTM G = 10, (Ā gr = 126 µm 2 ): considering that no pre-existing cracks are included in the simulations, the obtained results, in terms of micro-cracking patterns, are consistent with those reported by Sfantos and Aliabadi [69] . The influence of the number of grains and of the grain size on the micro-cracking is also investigated. Fig.(13) shows the micro-cracking patterns for four 200-grain specimens with grain size ASTM G = 10 (Ā gr = 126 µm 2 ) and four 200-grain specimens with grain size ASTM G = 12 (Ā gr = 31.5 µm 2 ). In terms of crack path, the same conclusions as those drawn for the previously analyzed 100-grain specimens can be made. In particular, damage is initiated at interfaces lying on planes normal to the direction of loading and only moderate amount of damage is accumulated at these interfaces before the failure process is initiated. The rupture happens quite suddenly, as it is typical in brittle processes. Fig.(14) shows the macro stress-strain curves for the analyzed 100-grain and 200-grain specimens. The analyzed ASTM G = 10 100-grain and 200-grain microstructures show analogous macroscopic behavior and only moderate softening is observed at the macroscale. A slight difference in the macroscopic stress-strain curves appears between the ASTM G = 10 and G = 12 microstructures. In particular, the ASTM G = 12 specimens, comprised of smaller grains, appear slightly more compliant that the ASTM G = 10 specimens and show a more pronounced softening behavior close to the critical strain: this is due to the higher surface/volume ratio of the smaller grains, that implies a relatively higher energy dissipation during the damaging process for the smaller grains, and then a less unstable propagation. In other words, during the loading process, each grain stores a certain amount of elastic energy, that is subsequently released and dissipated upon onset of intergranular damage. For smaller grains, a comparatively larger interface per unit volume, with respect to larger grains, and then a more spread damage, can dissipate, during the damaging process, the stored energy, so favoring a less unstable propagation. It is worth stressing, however, that no grain-size effect is implied in terms of crack path in Fig.(13) , as all the considered 200-grain specimens differ from each other in terms of morphology and crystallography, so that the crack path differences are only due to the specific features of each specimen. Finally, Table 4 reports some statistics about the analyzed microstructural meshes, in terms of number of elements, number of interface elements, number of degrees of freedom and measured average time per load increment.
Pseudo-3D specimens under compressive load
In this section, the micro-cracking of some pseudo-3D specimens subjected to unidirectional compressive load is analyzed. The numerical compressive tests are noticeably more demanding than the tensile ones, mainly because of the role played by the frictional contact analysis.
First, to assess the formulation and its implementation, and to gain some insight into the behavior of simple polycrystals subjected to a compressive load, a microstructure comprised of only N g = 20 SiC grains is considered, Fig.(15) . The grains size is ASTM G = 10 (Ā gr = 126 µm 2 ), while the specimen size is 2W × 2H × 2T with H/W = 3, 4WH = N gĀgr and 2T = √Ā gr . The specimen is subjected to a compressive load, in displacement control, acting along the height H: the rigorous boundary conditions are obtained by inverting the sign of ∆U in Eqs. (46) . The properties of the cohesive interfaces are specified in Table 5 . The parameters α and β have been adjusted so to give more weight to the mode II failure, so that in pure mode II the damaging process is activated when t s = T max /2, see Eq. (17) . The effect of the friction on the emerging behavior of the aggregate and on the micro-cracking patterns is investigated, by considering the values µ = 0.0, 0.05, 0.1 and 0.2 for the friction coefficient. Fig.(16) shows the averaged macroscopic stress-strain curves for the four tested values of friction: it is apparent how the friction influences the load-bearing capability of the specimen, especially after that micro-cracks have formed. From this simple analysis it is possible to observe that: a) friction influences, to some extent, the microscopic evolution of micro-cracks; b) once micro-cracks are formed, the friction affects noticeably the macroscopic post-critical behavior of the aggregate. These simple observations hold their validity also for microstructures comprised of more grains.
After this simple example, four different 100-grain pseudo-3D SiC polycrystals subjected to compression, in displacement control, are considered. The considered grain size is ASTM G = 12 (Ā gr = 31.5 µm 2 ) and µ = 0.2 in all the performed tests. For each microstructure, four different sets of cohesive-frictional parameters are considered, to assess their influence on the microscopic damaging and cracking processes, on the emerging aggregate response and also on the capability of the developed formulation. The assumed sets of interface properties are given in Table 6 . Fig.(17) shows the damage and crack patterns for the last computed load increment of each Table 4 : Some statistics about the analyzed pseudo-3D microstructures. N els -number of elements; N int f -number of interfaces; DoFs -number of degrees of freedom;T ∆λ -average time per load increment. Tests performed on single 12-core nodes of the cx1 HPC system at Imperial College London, with 24 GBs of required virtual memory. Figure 12 : Micro-damage and -cracking patterns for five different 100-grain random specimens with in-plane grain size ASTM G = 10 subjected to the same tensile load as in Fig.(9) (please refer to the electronic version of the paper for colour interpretation). Table 5 : Sets of cohesive-frictional parameters for the 20-grain pseudo-3D micro-specimens subjected to compressive load.
considered microstructure: each column corresponds to a microstructure while each row corresponds to a set of interface parameters. The corresponding macroscopic stress-strain curves for each microstructure and set of parameters are plotted in Fig.(18) . It is observed that the damage patterns match with those reported by Sfantos and Aliabadi for the purely two-dimensional case [69] .
To conclude these comments, it is worth noting how the frictional-cohesive terms influence the microstructural failure patterns and then the emerging aggregate behavior: this can be inferred from the comparison between the third and fourth rows in Fig.(17) and the corresponding stressstrain curves in (18) . These two sets of analysis differ only for the value of the parameterd appearing in Eq. (36) , that accounts for a higher or lower energy dissipation due to friction, during the decohesion. On the other hand, the pre-critical behavior seems to depend mainly on the value of the cohesive strength T max , as it can be inferred from the effect of the interface settings B.
3D specimens under tensile load
After tuning the method with the pseudo-three-dimensional analysis, the behavior of some fully three-dimensional microstructures subjected to a unidirectional tensile load has been investigated. Four different specimens, comprised of N g = 200 fully three-dimensional SiC grains, have been tested. The grain size is ASTM G = 12 (calculated number of grains per mm 3 : n/v = 4, 527 · 10 6 [104] ). The specimens' size is 2W × 2W × 2H with H/W = 2, their volume is V = 8HW 2 = N gVgr , whereV gr is the estimated average grain volume. The mesh density is specified by d m = 0.5, that already fulfills the requirements given in Section 3.4. The properties of the interfaces are uniform and they are given in Table 7 .
The specimens were subjected to a tensile uniform displacement applied over the end bases and acting along the height direction, as it is shown in Fig.(21) , while the lateral sides were not constrained (zero tractions acting on their surface). Fig.(19) shows the three-dimensional micro-cracking evolution for the four analyzed specimens. It is apparent how, also in the fully three-dimensional case, the damage is accumulated on interfaces mainly normal to direction of the external applied load. Table 6 : Sets of cohesive-frictional parameters considered in the analysis of the 100-grain pseudo-3D micro-specimens subjected to compressive loads.
However, it is observed that the three-dimensional geometry renders the aggregates much more compliant than their pseudo-3D counterparts. This is evident from the analysis of the macroscopic stress-strain curves reported in Fig.(20) , that show marked softening for all the analyzed cases (it is worth noting that the properties of the interfaces have been kept the same as those of the pseudo-3D tests). Finally, the amplified deformed configuration of another three-dimensional specimen under tensile load, with the same statistical features as the previous ones, is shown in Fig.(21) . Table 8 gives some information about the size of the microstructural meshes and their analysis time.
3D specimens under compressive load
To conclude, the compressive behavior of four random 200-grain SiC fully three-dimensional specimens, with grain size ASTM G = 12, has been investigated. The same microstructures already considered for the tensile tests have been analyzed. For these tests, the interface properties are given by in Table 9 . Also here α and β have been chosen so to give more weight to the mode II failure. The macroscopic stress-strain curves for the considered specimens are given in Fig.(22) while Fig.(23) highlights the intergranular damage at the last computed value of strain. It is apparent that, in the case of compressive load, the damage is comparatively more widespread than in the case of tensile load. The first interfaces that fail usually are inclined with respect to the direction of loading, as already observed in the analogous pseudo-3D cases. An amplified plot of the deformed-cracked configuration for the specimens II and IV, at the last computed value of nominal strain, is given in Fig.(24) .
Discussion and further developments
In this work a new computational model for the analysis of intergranular damage and failure in three-dimensional polycrystalline aggregates has been developed. The performed numerical Each interface is assigned an RGB colour proportional to its own damage level, and a transparency inversely proportional to the damage level itself; in this way, the more an interface is damaged, the more it is visible, avoiding that heavily damaged or even failed interfaces are hidden behind barely damaged blue interfaces. Please refer to the electronic version of the paper for colour interpretation. Table 9 : Sets of cohesive-frictional parameters for the 3D micro-specimens subjected to compressive load.
tests have shown the potential of the proposed method. However, some aspects deserve further consideration and some directions of further investigation may be discussed.
First of all, it should be noted that the present formulation is restricted to intergranular failure: transgranular failure is not taken into account. This aspect is likely to be responsible for some interlocking observed in the compressive tests. However, from the purely numerical point of view, the presence of transgranular cracking could be taken into account in the presented framework by using either a multi-region boundary element approach or a dual boundary element formulation to model the existence of new transgranular crack surfaces [68] . The main difficulty in this context would be the definition of physically based criteria to address the intergranular-transgranular competition mechanism in a fully three-dimensional picture.
Regarding the aggregate morphology, although the use of Voronoi tessellations offers the modelling simplification of flat grain boundaries, the formulation is not restrained to this simple case and it could be readily extended to the analysis of microstructures with more complex grain morphology, for example those generated through experimental reconstruction. Grain morphologies like those considered by Simonovski and Cizelj [48, 49] , obtained by X-ray diffraction contrast tomography, could be modeled straightforwardly using linear or quadratic continuous triangular or quadrangular boundary elements [68] . Anisotropic elasticity has been adopted as constitutive model for the grains. However, as mentioned in the Introduction, crystal plasticity might be considered in some applications, see for example [49] . According to the crystal plasticity theory, in single crystals the plastic deformation occurs through simple shear on some specific slip planes. In general, in the framework of Boundary Elements, plastic deformation can be accommodated by using either an initial strain or stress approach [68] . However, this implies the introduction, in the boundary integral equations, of some volume terms and then the need of a volume mesh. At the state of the art, however, it is not clear to the authors if this would offer, in the present context, some advantage over more common finite element formulations. On the other hand, the presence of intergranular corrosion, can be readily included in the model. According to [49] , the cohesive properties of susceptible grain boundaries can be degraded to model the action of some corrosive environment. These effects can be considered in the formulation and the only concern is that the degradation should be introduced so to not upset the numerical stability. Given its nature, the model seems to be particularly suitable and very promising for the investigation of all the aspects related to the tailoring of the macroscopic material properties through the modification of intergranular interface properties, in the sense Grain boundary engineering. From this point of view, the use of cohesive models, in the context of the developed boundary integral formulation, appears to provide a general framework, potentially able to include, with some ease, other chemical-physical effects (e.g. the presence of segregates) in the modelling of the crystal boundaries. In this context it is however crucial to assess the predictive capability of the model through suitable experimental validation, especially now that the three-dimensional microstructural characterization of materials is becoming technically and economically more af-fordable. It is equally important to develop suitable procedures for the measurement and or estimation of the microstructural parameters involved in the model, e.g. the cohesive strength or the critical displacement jumps. The capability of modelling the nucleation and coalescence of cracks at the crystal level is an important aspect for the multiscale analysis of materials. The nucleation of cracks at the macroscopic component level is usually modelled by using semi-empirical relationships. The availability of a microstructural model allows one to get rid of the assumptions at the macro-scale, as the cracks are initiated at the micro-scale and then transferred to the macro-scale when damage has spread beyond a certain threshold. The conceptual development and numerical implementation of such aspects, in the framework of a multiscale modelling approach to material degradation and fracture of polycrystalline materials [35, 37, 38] , will be the focus of further studies. It is worth mentioning that, in a multiscale context, the proposed formulation can be used as a microscale model to estimate material degradation or plastic deformation in a macroscale FE model, according to what has been proposed in [35] . On the other hand, the intergranular crack model developed here can certainly be used in a FEM, see again [49] , although the introduction of cohesive elements implies additional degrees of freedom, on the contrary of what happens here, which precisely constitutes an advantage of the method.
In conclusion, some numerical/computational aspects deserve further study. Referring to the compressive tests, see for example Fig.(18) , it is worth observing that, to take the analysis beyond the critical points, it might be necessary to implement some numerical scheme to improve the convergence of the analysis in the post-critical branch [105, 106] , like for example generalpurpose arc-length procedures [107, 108] or some additional dissipative terms in the cohesive laws [105] . Moreover, performing the numerical tests, it has been noticed that the memory required by the solver PARDISO, see Appendix C, during the symbolic and numerical factorization phases, constitutes a bottleneck of the numerical method. From this point of view, the development of specific iterative Krylov solvers, for sparse systems having the structure of system (11), would be a remarkable achievement [109, 110] . Moreover, being the analysis of polycrystalline microstructures a large-scale problem, the consideration of special techniques, with the aim of enhancing both the memory and time performance of the developed model, would be an interesting subject: an example in this context could be given by the use of Hierarchical Matrices in conjunction with iterative solvers [111, 112] .
Conclusions
A new three-dimensional formulation for the analysis of intergranular degradation and failure in polycrystalline materials has been developed. The polycrystalline microstructures have been represented as three-dimensional Voronoi tessellations, able to retain the main morphological and crystallographic features of polycrystalline aggregates. The micromechanical model is expressed in terms of intergranular fields, namely displacement jumps and tractions. The nucleation and evolution of intergranular damage has been followed using an extrinsic irreversible cohesive law at the intergranular interfaces: this resulted particularly straightforward, being the formulation itself expressed in terms of grain boundary variables. It has been shown how the used tractionseparation laws ensure the energetic path dependency of the decohesion process and are able to deal with mixed-mode failures. Upon complete intergranular failure a frictional contact analysis has been introduced to model the intergranular micro-cracking process, taking into account 32 separation, contact and sliding between the micro-crack surfaces. A new cohesive-frictional law has been used for smoothing the transition from the cohesive to the frictional regime, when the failure happens in mode II under compressive load. Several numerical tests, both on pseudo-and fully-three-dimensional polycrystalline aggregates, have demonstrated the capability of the formulation to model the nucleation, evolution, coalescence of multiple damage and cracks. The influence of several intergranular parameters (cohesive strength, fracture toughness, friction) on the microcracking patterns and on the macroscopic response of the polycrystals has been demonstrated. It has been shown how the full three-dimensionality of the grains can affect the macroscopic response of the aggregate, making it relevantly different from the response of pseudo-3D aggregates with the same interface properties. The reported results have shown a good agreement with data available in the literature. Overall, the performed tests have demonstrated the potentiality of the technique for the study of the changes induced in macroscopic material properties by changes in the microstructural material features. For its nature, the developed formulation appears particularly promising in the framework of grain boundary engineering. The analysis of degradation and failure in three-dimensional polycrystalline microstructures remains a remarkable computational task. However, due to the advantage given by the need of modelling only the grain boundaries, the computational effort for the developed formulation remains relatively low. where n k are the components of the unit vector identifying the plane over which the tractions act. The derivation and effective use of the anisotropic Green's functions for the BEM has been the subject of several investigations (see [90, 112] and references therein for further details).
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ii) by using the numerical LU factorization of the system matrix corresponding to a certain state of the microstructure and directly computed by PARDISO for preconditioning the Krylowsubspace iterative solution of a certain number of subsequent steps.
